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Resumé(Rest of the project is in English)

En standard kvante-optisk behandling af ”electromagnetically induced transparency” i et
lambda system er blevet udfgrt og vigtige teknikker indenfor AMO-fysik blev praesen-
teret. Dette inkluderer ”the rotating frame”, "the rotating wave approximation”, ”the
density operator” og ”the Master equation”. Herefter blev en analytisk lgsning af lambda-
EIT systemet fundet i den statiske graense. En numerisk beregning af systemets dy-
namik(tidsathaengighed) blev ogsa fundet og denne stemte overens med den statiske lgsning
efter ¢ /v =~ 20.

I anden del af projektet bliver elektromagnetisme inden for kvantefeltteori prassenteret i
form af QED. Herefter praesenteres et muligt Lagrange led for dipol-vekselvirkning mellem
fermioniske atomer og det elektromagnetiske felt. Det vises at dette led reducerer til den nor-
male dipol interaktion fra kvantemekanik i den ikke-relativistiske greense. Rydberg polari-
tons blev behandlet som masse-egentilstandene af den kvadratiske Hamiltonian for ”ladder
EIT” systemet. Vekselvirkningen mellem Rydberg polaritons blev beskrevet ved et quartic
led. Resulterende Feynman diagrammer blev praesenteret og Bethe-Salpeter ligningen for
vekselvirkningen blev udledt. Det blev vist, at i den korrekte graense opfgrer systemet sig
som en enkelt partikel der propagerer i et effektivt potentiale.
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1 Introduction

The phenomenon of electromagnetically induced transparency (EIT) happens when a medium
becomes transparent for a probe field(typically lasers) after a control field changes the be-
haviour of the medium through an interference effect. EIT has been successfully modelled
by standard methods in quantum optics [5]. So has the interactions between highly excited
Rydberg atoms and its possible uses in quantum information [11]. Recently, a combina-
tion of the Rydberg interactions and slow light in the EIT setup [8] has been studied as
a method of photon-photon interaction [10] [6] [9] and has promising uses in quantum in-
formation. Quantum field theory(QFT) approaches to describe these phenomena has been
developed [2] [3] [7]. This motivates collaboration between high energy physicists who
are experienced in such theory and quantum optics physicists who understand the phys-
ical systems and experiments. This project is meant to bridge the gap between the two
communities'. The first part introduces the very basics of quantum optics in a review of
standard EIT, and the second part is a naive approach to make a field theory for the Ry-
dberg polaritons. It is heavily inspired by [2] and [3], but derived from more fundamental
principles.

!Especially between the two collaborating groups Nonlinear Quantum Optics group and CP3 Origins at
SDU.
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Part 1
Standard Electromagnetically Induced
Transparency

A typical EIT setup uses two near resonant lasers that facilitate transitions between three
states in an atom. Figure 1 shows the energy levels and laser frequencies.

Figure 1: A-type EIT setup

2 Bare Atom

When considering the bare atom without lasers, the system consists of an atom where only
3 states are relevant; two so called ground states: |1) & |2) and an exited state |3). We
describe these energy levels by their resonant frequencies, such that the Hamiltonian for
the atom becomes:

Hy = h(w13 — w23) |2> <2| + hwig |3> <3| (2.1)

3 Laser Fields & Interaction

We turn on two laser fields(electromagnetic fields). We only care about the fields at a single
point, so we do not describe their spacial dependence and their spacial frequency k;. Letting
€; describe their direction and polarization, the fields are given by:

—

E(r,t) = €1E1 cos(—wpt) + €2E5 cos(—wet) (3.1)
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These fields effectively adds an atom-field interaction term Hap to the Hamiltonian of the
atom, such that the total Hamiltonian becomes:

H=Hjs+ Hap (3.2)

This interaction is described through the dipole moment:

Hap=—-dE (3.3)

Where the dipole moment operator is given by

~

d = qr (3.4)

To calculate (3.3), we decompose the electric fields into ”positively rotating” and ”negatively
rotating” parts £ = E(T) + F(-) Where:

_ 1 ; i
E® = §(€A1E1€_Z(iw"t) + & Fpe i (Huel)) (3.5)

Similarly we want to decompose d. Expanding the operator by applying 1 = (|1) (1] +
12) (2|)+]3) (3])) on both sides and assuming that states do not have any dipole by themselves
and that |2) — [1) is not dipole-allowed, we get:

d=11)(1]d|3) (3| +|2) (2|d|3) (3| + H.c. (3.6)

Choosing phase of the dipole operator such that (i cf\ j) is real, and defining operator
oij = i) (j| we get:

d=(1|d|3) (013 + o31) + (2| d|3) (023 + 032) (3.7)

013 and 093 are proportional to e 13 and e =23 while o3, and o3 are proportional to e*13
and €23 (explained in section 6.1). Naming the positively rotating terms d*) and the
negatively rotating d~) we can compute Hap by letting the decomposed dipole operator

act on the decomposed fields:
Hap = _(j(+) + CZ(—)) (E’(+) + E(—)) ~ —dPEE — 5 EH) (3.8)

The Rotating Wave Approximation(RWA) is performed, such that the terms that oscillate
with double frequency is discarded( d*)E(+) — d(=) E(=)). This is reasonable because we
are not interested in physics that occurs at these time scales. Instead only the cross terms
survive.

Defining the Rabi couplings/ Rabi frequencies for the two fields:

E o
Q== (la-dJ3) (3.9)
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E R
Q. = _% (2] €&-d|3) (3.10)

And assuming that the energy levels spaced such that the fields only couple their respective
transitions, we can write the interaction term in the RWA as:

hQ ) . 1X9) . )
Hup = Tp(Ulge_let + Uglelet) + 70(0236—sz7§ + JQgelwct) (3.11)
So now the total hamiltonian becomes:
0 0 D —dpt
H=Hs+Hsr=h 0 w13 — Wa3 %e—iwct (3.12)
%eiwpt %eiwct w13

4 Rotating Frame

To simplify calculations, we will transform to a different basis. Before transformation, the
Hamiltonian was defined on the state vector 1, which consists of the coefficients on the
eigenvectors needed to produce the given state |1))

C1 (t)
7,/) = Cg(t) (4.1)
cs(t)
) = c1(t) 1) + c2(t) [2) + c3(t) [3) (4.2)

We now transform to the new basis, where two of the coefficients’ phases rotate with time.
Elements in the new basis is indicated by ~.

VY= |cat) (4.3)

() = c1(t) [1) + & ()e’r 0" [2) éa(t)er* [3) (4.4)

This new basis is called the ”Rotating Frame” or ”the interaction picture”. This transfor-
mation is facilitated by the unitary transformation matrix U:

1 0 0
U= [0 elwrwet) (4.5)
0 0 et
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When doing a time dependent change of basis, one needs to transform the Hamiltonian,
such that it still satisfies the Schrodinger equation. If the transformation U is unitary, the
new Hamiltonian H is easily computed [12]:

H=UHU" +ih(0,U)U" (4.6)

Computing the total Hamiltonian in the Rotating Frame yields:

] 0 0 % 0 0 %
H=h|0 (w13 — wp) — ((,UQ;), — OJp) 5 =h|O0 Ap + A, 5 (4.7)
% % w1 — Wp % % Al

Remember that w, & w, represents the experimental values of the lasers, while wiz & w3
represents the actual differences in energylevels in the atom. We therefore call A, = w,—w13
& A. = we — w3 the detunings of the system.

5 Eigenstates of Interaction Hamiltonian

The next step in many standard quantum mechanics problems would be finding the eigen-
states of the system(ie diagonalizing the Hamiltonian). This is also possible for this system
and leads to a very phenomenological understanding. This is not as useful and I will there-
fore just briefly introduce it. The simplest way to describe the eigenstates of the new
Hamiltonian is using the ”angles” ¢ & 6:

2
_ % 1
tan @ Q, (5.1)
\/ 22+ Q2
tan 2¢ = e (5.2)
When A, = A, the eigenstates are given by

|0) = cos@ 1) —sin@ |2) (5.3)

|+) =sinfsing|1) + cos ¢ |3) + cosfsin ¢ |2) (5.4)

|—) =sinfcos¢|l) —sing|3) + cosb cos ¢ [2) (5.5)

The interesting point is now that the |0) state does not have any contribution from |3). This
means that there is no possibility of spontaneous decay and thus scattering of the field and
the medium becomes transparent. This offers a phenomenological explanation of EIT. But
if one wants a more rigorous and useful description, the answer is to work with the density
operator.
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6 Density Operator Method

An often used method in AMO-physics(Atomic & Molecular Optics) is the density operator
formalism. It uses the density operator p. In a system where each point has the probabilities
P, of being prepared in the quantum states [1,), the density operator is mathematically
described by

ﬁ:ZPa‘wa> <¢a| (61)

If there is a state such that P, = 1, then the system is said to be pure. If not then the system
is called mixed, and is a statistical mixture of quantum states. In our case P, will always
be unity. The density operator holds all the usual information about the state. Given the
density operator for a state, one can compute the expectation value of an operator A using
the trace:

(A) = (W[ Aly) (6.2)
=> Pala|Ale) (6.3)

- ;pa (a] A|n) (n]a) (6.4)
- az; (n|a) P, (a] A |n) (6.5)
= Z (n] > Pua) (o] Aln) (6.6)
- Z:: (n) pz In) (6.7)

= Tr[Ap] (6.8)
As no assumptions were made of the orthonormal basis |n), the trace can be done with
respect to any such basis.
6.1 Density Matrix and Coherences

Given an orthonormal basis, the density operator can be represented by a matrix(the density
matrix). If |n) and |n’) are basis vectors of this basis, the entries of the density matrix are
given by:

P = (n| p ‘n/> (6.9)

The diagonal elements are easily interpreted. These are the probability that the system
described by p are in the state |n):

pan = (0] Y Pala) (aln) =) Pal (n|o) | = Py (6.10)
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Thus the diagonal elements satisfies unity of probability:
Z Pan = 1 (6.11)
n

The off diagonal elements are harder to interpret. These describe the so called ” coherences”
of the system. Naively, one would think that we have simply chosen a bad basis, since the
matrix is hermitian and thus can be diagonalized. This is true, but given the right basis,
the diagonal entries can have insightful meaning. If one chooses the basis to be the states of
the bare atom, the diagonal entries are related to transitions between states. Particularly
an off diagonal element (e.g.p13) is closely related to the dipole moment for that transition:

dpgobe = <1|CZ|3> (013 + 031) (6.12)

<dp;obe> =Tr <dp;obep) = M13(P13 + P31) (613)

Where p;; = (1 d |3) is the transition dipole-moment, which usually is measured experimen-
tally(it is possible to calculate for simple atoms and roughly estimate for more complicated

ones).
This is a very relevant quantity when modelling the propagation of light.

7 Propagation of Light

Given the off-diagonal elements of a density matrix for a medium consisting of N atoms
with identical density matrix in the volume V, one can compute the dipole moment for each
atom. From this, one can compute the polarization of the medium:

d
. N
P = Z <V>Z = V(M13P13 + p123p23 + c.c.) (7.1)

We are only interested in the polarization related to the probe. Using (7.1) and only
including the term with p;3 we get the positively rotating polarization related to the probe
transition:

Pyt = Nugips (7.2)
Assuming that we are in the linear regime, the susceptibility is defined as:
(
P = Nuzps1 = eoxprobe B (7.3)

Using our definition of the Rabi-frequency we get Eprope = wizh/p31 and the susceptibility
becomes:

Norobe — Npis 2ps1
probe coh Qp

This susceptibility holds almost all the information about the propagation of light in the
medium. To see this we start with Mawell’s equations:

(7.4)
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7.1 Giving Meaning to the Susceptibility yx

Classically two of Maxwells equations describe light propagation:

V X E=-0,B (7.5)

1 1
VX B=—=0(FE+ —P 7.6
X 2 (B + €0 ) (7.6)

Where P is the polarization of the medium. In AMO physics we often do the Slowly Varying
Envelope Approximation(SVEA), where we assume that the electric field and polarization
are of the form?:

E(r,t) = &(r, t)e“;z*i’jt +c.c (7.7)
P(r,t) = P(r, )= 1 cc (7.8)

Where £ &P vary slowly in r&t. From this, the SVEA propagation equation can be
derived:

1 ik

%(&; +0y)E(r,t) + 0,E(rt) = 2—6073(7‘, t) (7.9)
Assuming the medium responds linearly(P = ¢gx E) we get:
1 ik

ﬂ(am + 0y)E(r,t) + 0.E(r,t) = Exé’(r, t) (7.10)

Doing a Fourier transform from time to frequency-space we get the following equation for
the envelope in frequency space(&(v)):

0 v 1k
Which is easy to solve:
E(v, 2) = E(v, 0)ei=/e+Rx(®) (7.12)

To get the solution in time-space, we transform back:
Et,z) = / dv e~ E (v, 0)e! v/ e+Rx () (7.13)

For monochromatic light with frequency vy the envelope is £(v) o §(v — ). For this, we
get the solution

E(t, z) = E¢iFx(0)z/2 (7.14)
— £eklIm(x(v0))+iRe(x(v0)))z/2 (7.15)
?If the light is not monochromatic the generalization (for E)is Y, &(r, 1&)6"‘&_“775 + c.c.
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From this we see that the imaginary part of x(1p) results in a change of the amplitude of
the field. With the correct sign, we can thus relate the imaginary part of susceptibility to
Transmission T’

T = ™™ (7.16)

The real part effectively adds a phase shift to the field, which can be described by a change
in the spacial frequency:

P ERZ(X) (7.17)

8 Time Evolution and The Master Equation

For the usual state vector [¢), the time evolution is described by the Schrédinger equa-
tion. An equivalent equation for the density operator can be derived from the Schrodinger
equation:

i
h
This is the direct analogue to the Schrodinger equation. To envelop the effect of an envi-
ronment on the states, one can use the so called "master equation”. The master equation
for a system interacting with a reservoir is given by [12]:

Ohp = —~[H, ] (8.1)

?

Ip(t) = 7

[Hs + Hsg, p(t)] + ) _ kaD[Sa, p(t)] (8.2)
(6%

Hgpg describes interaction between system and reservoir. The summation at the end pri-

marily describes experimental ”decoherences”, which destroy the coherences represented by

the off-diagonal elements in the density operator. In the our system, the master equation

becomes:

7
Op = —ﬁ[HA + Hap, p(t)] + I'siD]o31] + I'saD[os2] + v3D[os3] + v2D]o22] (8.3)

The first term includes the total Hamiltonian already computed in (4.7). The 2nd and 3rd
terms describes spontaneous decay from |3) — |1) and |3) — |2) respectively. The coefficient
I'; is the strength of this decay. The last two terms describe the dephasing which removes
coherences(off-diagonal elements in p) of the state.

All these terms are computed using the Lindblad super operator D which is defined as:

1
Dle, p] = cpe’ = S [clep+ peld] (8.4)

We have now described an equation that governs the evolution of the physical system.
This can be solved numerically for time evolution. Furthermore, it is possible to solve the
stationary case symbolically.
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9 Stationary Solution

After the EM-fields have been turned on for some time, the system will approximately be
in a stationary equilibrium. Setting d;p(t) = 0 in the left side of the master equation (8.3),
we can solve this case symbolically. Using p;; = p;'fi the problem simplifies to a cumbersome
6 equations with 6 variables. Mathematica can solve this as is, but with a few physically
inspired approximations it can be solved neatly by hand.

9.1 Solution by Hand

In the case of a comparably weak probe field(|1) — |3) coupling), most of the population
will be in the ground state. Since the few atoms that get exited will spontaneously decay
back into the ground state fairly rapidly. Inspired by this, we set p11 = 1, pos = p33 = 0.
We also relabel the constants that go into the equations to fit the way they appear in the
equations s.t. I's = I'31 4+ I's2, v31 = s + 73, v32 = I's + v3 + 2, 72 = 2. With this, the
p32 equation in (8.3) yields:

p32 = 0= Qpp12 + i(y32 — 2iA.)p32 (9.1)

idpp12
_ 2
P32 ~an — 2iA, (9.2)

Similarly ps; yields:
pa1 = 0= —iQep13 +iQpp32 — (v2 — 2i(Ac — Ap))p12 (9.3)
i),

1icP13 (94)

P2 oA - )

Where the term with psp has been removed since inserting (9.2) results in a Q2 which is
very small when the probe is weak.

p31 yields:
p31 = 0= Qp 4+ Qcpar + (731 — 2i1A,)p31 (9.5)
_iQCP21 + Qp
=_——=r= ¥ 9.6
P31 a1 — 2i, (9.6)

p31 is found by inserting pa21 = pj, from (9.4) and rearranging:

pt — Qp(y2 — 2i(A, — AL))
T (a1 — 2i8,) (72 — 2i(A, — AL))

(9.7)

The susceptibility for the probe is then calculated using (7.4). With this, the transmission
is computed from (7.16). Using units where y3; =1, A, =0, Q. =1, Q, =0.01 & h =1,
the transmission and I'm[ps;] is seen in figure 2
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(b) Susceptibility for Transmission for vy3; =

1, A =0, Q. =1,&Q, =001

Figure 2: By hand approximation

9.2 Full Stationary Solution

The full stationary equation((8.3) with 9;p(t) = 0) is possible to solve symbolically, but is
very cumbersome.DSolve in Mathematica can solve this equation as is. The full solution is

compared to the approximation for €2,/€2. = 0.01 in figure 3.

1.0 SN N -
09 N [ -
08 \\ *‘r \ /
'
_ \ (| /
2 07f \ | r,’
= \ |
v 06} \ | |/
|
. \\ I | ;I
0.4 \/ \j
3 -2 -1 0 ]
Detuning A,

0.0 T
\

a2 410
Detuning A

(b) Susceptibility for €, = 0.01. Full blue

(a) Transmission for ©, = 0.01. Full blue
is the full solution and dashed orange is the
approximation. The two solutions are indis-

tinguishable.

tinguishable.

Figure 3: Comparison at €2, = 0.01

is the full solution and dashed orange is the
approximation. The two solutions are indis-

For increasing 2, the approximation that €2,/Q. < 1 should fail. This is seen in figure 4
for Q, =0.01, Q, =0.1, Q, =2

Page 12



09 ' [ \\‘ ;09 0.9 \J/\\f
0.8 N |/ io08 0.8
2 otk \\\ ‘ ‘: 2 o7t \ | ;’ 07
% o6l \ | ‘-‘ ;" Y | " 06
£ \ | |/ : 5 \ | | / 0.5
2 4 “w\’:‘ ‘\‘ ’," . 2 4 UI U 04
-3 -2 -1 0 V 1 2 3 -3 -2 -1 0 1 2 =2 2 1 0 1 2
Detuning A, Detuning A, Detuning A,
(a) Transmission for Q, = (b) Transmission for , = 0.1 (c) Transmission for {2, = 0.5
0.01 Blue is full solution and Blue is full solution and or- Blue is full solution and or-
orange is approximation ange is approximation ange is approximation

Figure 4: Comparison for increasing €2,

Experimentally it is a challenge to preserve the coherences. For an experiment with a large

decay of coherences out of |2), the EIT effect vanishes. This is shown in figure 5

1 O T LI T T T T T LI | rTrrord T T T T T
09 09f
o8 ~ 08
:’L o7 Z". 07F
06 e
uUo
05
0.58 . . . . , 4
-3 -2 =1 0 1 2 ! -3 =2 -1 0 1 2 3
Detuning A, Detuning A,
(a) 2 =0.3 (b) 72 =2

Figure 5: Transmission for large v decoherence

In the full solution the population of different states(p;;) can also be computed. This is
plotted as a function of detuning A, in figure 6. We see that the approximation p1; =1 &
p22 = p3z = 0 hold for the used values of y31, A, €, Q, & h = 1.
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Figure 6: Populations for different detuning A,

Figure 7 shows how the populations approach these values, as we turn on the control field.

1.0
08¢ |
06}

04}

Populations

02f

0.0} .
0.00 0.05 0.10 0.15 0.20
Control strength Qc

Figure 7: Population of |1)(blue), |2)(orange), |3)(green)
10 Full Numerical Solution

The full master equation can be solve numerically to find the time dependence of the system.
The result is shown in figure 8 and 9
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Figure 9: Time dependence of populations for 2. = 3

For higher Q. the system initially oscillates faster. These are the so called These are called
Rabi-oscillations. In both cases, the overall dampening is the same, and the system reaches
stability after some tine. So setting 0;p = 0 seems like a good approximation.

In figure 10 the time dependence of the imaginary part of ps; is plotted. This is proportional
to the susceptibility. Here we also see stability after ¢ ~ 30 - 1/~3;.
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Part 11
Field Theory for Rydberg Polaritons

Now we move on to the field theory part of this project. We start by introducing the electric
field and dipole interaction in quantum field theory(QFT). Then the EIT setup is treated
with the field theory approach. This time the system will be the ”ladder EIT setup” (figure
11). Finally we model Rydberg polaritons and their interactions.

e -~ £ )

il \ | ; i

A

Figure 11: Ladder setup for EIT
The probe w couples the Rydberg states |r)and the exited state |e) with detuning 6. The
probe with strength ¢ couples the ground state and the exited state. It is ”"detuned” from
the control field by the frequency ck.

11 Electric Field in QFT

In quantum field theory, the electric field is described together with the magnetic field
in quantum electrodynamics, which has the free Lagrangian density(in absence of source
currents):

1
Lon =~ Fu P (11.1)

Where Einstein summation notation is used 2. F,, = 0,A, — 0,A, is the field strength
tensor. Where A, is vector field of electromagnetism. The components of F),, are the

3Whenever the same index is present twice in a term, it implies summation over this index. Greek
letters symbolize spacetime quantities and run over {0, 1,2,3} = {¢,z,y, z}. Latin letters symbolize spacial
quantities and run over {1,2,3} = {z,y, z}. In the above equation, summation is implied over p and v.
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electric and magnetic fields:

0 —E;/¢c —Ey/c —E./c
E,Je 0 —-B. B,
E,Jc B, 0  -B,
E.Je -B, B, 0

F, = (11.2)

To calculate the Hamiltonian related to this Lagrangian, we compute the conjugate mo-
mentum (7#)to A,:

o= 95 pou (0, EY) (11.3)
0A,
The Hamiltonian can then be computed:
. 1 -1 ;
Hpgy = /d?’xﬂlA,- — L= /deQEZ-El + 5(vin)(viAj) — Ag(O;E") (11.4)

There is some redundancy in our description of A,. It turns out one can choose whatever
0; A'(divergence) of the field one wants. This is called Guage-freedom or Guage symmetry.
A convenient choice for our case is Coulomb Guage where we set 9;A° = 0 and as a result
A% =0 . This removes the last term in (11.4):

1 1
Hpy = /deQEiEi + §(VJAZ)(V1Aj) (11.5)

The electric field in QFT is the momentum conjugate to A;. A; is the field that satisfies the
free part of the theory and is thus given by a (continuous) sum of momentum eigenstates.

- d3p 1 & .’ N’
A= (Z)= — g € e rfeipiv 11.
(Z) / oRIET 2 é-(p) [ape +age } (11.6)

Where r denotes the polarisations that are present in ¢,. ag are the annihilation operators
that removes a particle with momentum . z° labels the position in space. This is given in
the Heisenberg picture where time dependence is included in the operators(like a’s, A and
E). Using (11.3) calculating E from A is a simple time derivative, which will move a |
down. This hints that the Coulomb Guage is not good at expressing Lorentz invariance.
Though this is not a problem in our system, since we will treat it non-relativistically anyway.

B#) = / (;i];3 (—i)\/@ 22:1 6 (7) [y’ — arfemin] (1L.7)

In experiments only a single polarisation is relevant. This polarisation is picked and the
sum over r disappears. We start by calculating the electric part of the Hamiltonian

1 [ 3 =2 = 1 [dadpdq\/|pllg
z E.-FE=—= e(p) - € 11.

ipixt _ _t_—ipia? it _ T —igix?
(aﬁe aﬁe a(je aq.e
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Assuming the polarizations are identical, €(p) - €(¢) vanishes. The integral over z3 will
produce delta functions from the exponentials.

1/d3pd3q 1p11q]

2/ (@2m)5 2

a0 (7 @) — afagd(—+ @) + ajald(~F ~ @)

[apagd (5 + 0 (10.9)

Now we use [p] = hw,/c and introduce the terms that would originate from the V;A4,V;A;
part of the Hamiltonian. These terms would be the same, except that spacial derivatives
were done on the field A so they have the momentum as their coefficients

1 d*p 1
Hpw = | / CIschin (=2 + p?)(al al+ apas,) + (w2 + p?)(afag + agal|  (11.10)

2

The first terms cancel. w, = p? is again used. And in the last term, the commutation

relation [ag, a;;] = (27)360G) (P, @) is used

1 d3p + +
Hew = | oy (afar + apa}) (1L11)
d3p 1

Where the last term is removed by defining the zero point energy.

d3p t

In [3] they expand the probe’s frequency as a constant term plus deviations w, = wqy + ck
where ck is shown on figure 11. In quantum field theory this could maybe correspond to
transforming a picture where the operators hold the time-dependence related to wg. In the
rest of this report, we will use the electromagnetic Hamiltonian consistent with [2] and [3]:

d3p t
Hgy = (2w)3hck ala (11.14)

12 Dipole Interaction in QFT

From arguments of time reversal [4], we know the dipole interaction term in QFT must look
like

Laip = =gy Y F (12.1)

Page 19



Where g is the coupling, ¥ is the spinor of the atom and v* = i[v“,'y”]. Where ~* is
the 4x4 gamma matrices that are representations of the Clifford algebra and ~° is a specific
combination of these. In this report I will use the chiral representation:

01 ; 0 of 1 0
0 _ i 5

Where every entry is a 2x2 matrix and o® are the Pauli matrices.

In (12.1) F,, = 0,A, — 0, A, is the field strength tensor, where A, is 4-potential related to
electromagnetism. The elements of the field strength tensor is related to the electric and
magnetic fields by:

1 .
E; = cFy, B;= —ieiij]k (12.3)

This is very convenient for our case, where the atoms do not interact with the magnetic
field. This leads all the summations where 4 = ¢ & v = j are 0. The remaining summations
are computed by finding the U7%~°¥ matrix elements and then letting this act on Fj.
Using that the dual spinor is given by ¥ = W40, we get

sontrrem =vion) (O 0) (2 9) (5 O)em 02w

—0
_ gty (0
o) (%75 )t (125)
Where the chiral representation of the gamma matrices have been used. In this, the spinors
can be written as

_ 1 Pootm
ve 24/ (P +m)(PY + m) <P’-5+m>5 (12.6)

Where 6* = (1, —0?) and £ is a two component spinor such that £7€" = 1. Inserting this
and using (12.6), we get:

, 1 o'Po+m
NAO~GA5 _ _— orf /. /= ) s

barV (k" )y ~'~v° U (k) 2M5 [(P"-0+m, P-4+ m) (UlP’-(_f—i—m))]g (12.7)

1
— _~ grt 12.

| 2M ‘ | | | | 128

—(P" 4+ m)(P° + m)o’ + (P +m)o'Pjo’ + P.o"c"(—P° —m + Pjo?) (12.9)

—(P° +m)(P° + m)o’ — (P +m)o'Pjo? — Pl.o"c"(—P® —m — Pjo?) (12.10)

1&¢ (12.11)
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After removing terms that cancel we get:

1 ) o

WSTT[—QMQUZ + 2P, Pio%c'o7]E* (12.12)

. P/'P;+ PP PP PP .
:MSTT[—UZ—F%O‘]—FZ'E(LU TR ]\”42] o')€® (12.13)

All terms with fractions of the type P]’-Pi /M? vanish in the non-relativistic limit, since
adding the appropriate orders of ¢ yields:

PP P!P;c?
L — J (12.14)
M2 (P9 + mc?)(P% + mc2)
2,/ 2 !
m=v,v;C V,U;
= o ~ L (12.15)

A(m? +02/c2)05 + m)((m2 +v2/c2)05 +m] — 4c?

Which is very small in the non-relativistic limit. Cancelling the vanishing terms and using
M =~ 2m yields:

T (KN A0 (k) ~ —2mEToiEs (12.16)

Using {7",7'} = 0 we know that U7%y5¥ = —W45¥, With no magnetic interaction,
and dividing by 4 from the definition of v#*¥ this yields:

Hyyp = gUy"~°VE,, = %(%OWE’\I'FW + U0 W Fy) (12.17)
1 . .

~ —§gm(5TTUZSSEi — &l (—E)) (12.18)

= —gm& o' EE; (12.19)

Since spin and electric dipole moment are both rank one tensors, the Wigner-Eckart theorem
[1] says that their expectation values are related by a scalar coefficient. Including this
coeflicient together with m in the coupling constant s.t. g = %e, we have reproduced the

usual quantum mechanical dipole operator:
Hyip = —E71d; E°F; (12.20)
Where d; is the dipole operator along the i’th direction.

No assumption were made as to the form of the spinors ¥ representing the atom, and thus
the derivation is a generic derivation of the electric dipole interaction.

13 Deriving Field Theory Hamiltonian for EIT-Setup

The ladder system is commonly used for Rydberg polariton setups [2] [7]. This is shown in
figure 11
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13.1 Atom Fields

When writing a field theory for particles, one needs to know where the particles are scalar
bosons S = 0, fermions S = n/2 or non-scalar bosons S = n. Selection rules of quantum
mechanics then assures that a bosonic atom cannot change into a fermionic atom. In the
following, the atoms are treated as fermions, since these need the most complete structural
description; spinors.

A convenient way of describing the atoms in the ladder system is:

(G
R (13.1)
(L2

Where each of the components of ¥ are of the form (12.7). ¢4 & 1_ are related to the old
states by a rotation:

[+) = ale) + 587 r) (13.2)

=) =Ble) —a”r) (13.3)
All these states are Fock states. The ket |a) represents all the atoms at the position of |a).
All the atoms but one are always in the ground state. An excited state then corresponds
to one of these atoms being excited.

These states are the new eigenstates of the system if only the |e) — |r) coupling € is present.
These are often called dressed states.

13.2 Dipole Interaction and Effective Transition Fields

Now only the weak coupling g between |g) —|e) needs to be dealt with.Only the combinations
of 1) that have non-zero transition dipole moment contribute:

Hgyyp = VoM~ UE,, (13.4)
~ gla vV g + BP0 e + gy VY by + Brhey Py ] E; (13.5)

Knowing this, the original Lagrangian can be written compactly using (13.1), using the
matrix G that project the relevant fields on each other.

0 a B
Laip = —gGUY"°UF,,, G=|a 0 0 (13.6)
B0 0

Motivated by this, two new effective fields that describe transitions from |g) to |+) and |—)
are defined:

bt = by 1, (13.7)
et =09y, (13.8)



Showing that b then corresponds to the transition from |+) — |g)

b= (b") = (1777 )" (13.9)
=9} (17%%) o (13.10)
R A T (13.11)

170y %P, (13.12)

= 7" Py (13.13)

To get (13.12), both 4 and +° were anti-commuted through twice. Now (13.5) can be
written as

Haip = g(ab+ abl + e+ B E (13.14)
13.3 Free Theory for Atoms as Transition Fields
The free Lagrangian for the atom fields would have a kinetic term and a mass term:
Ly =U"D,V; + M;;¥,V; (13.15)

We assume that the cold atoms are stationary and discard the kinetic term. To write the
mass term using the earlier motivated operators b’ and ¢f, we show that b'b ~ ¢1¢+:

bib = O hgthgy Py ey (13.16)
= 7"y (1 - w;z/a(,)) S AL (13.17)
Where we have used the fermionic anti-commutation relation {wg(a:),w;(y)} =d0(x —y)

and these b & b' are on the same point in spacetime. We now use the approximation that
almost all the n atoms at position = are in the ground state.

~ "y (1= n(2)) 77"y 4 (13.18)
n(fv)d? 0 A M o LT (13.19)
—n(z)P47°7 """y (13.20)

= ) G 0, (13.21)
- _”(f)@m (13.22)

It is now used that the dressed states under the influence of the strong control field €2
have the energies H A1 control = AMZ)TMZ)JF + A,qﬁl@b, with Ay = (0 + V02 +40Q2)/2 &
= (0 — V02 +402)/2 [5]. Using (13.22), this can be written in terms of ¥’'s and s. We
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redefine the transition operators to include 1/4/n(x) we get the total Hamiltonian of the
EIT ladder setup:

a\" [ ck gay/n  gBy/n a
Ho = | b ga/n —Ay 0 b (13.23)

cf gByn 0 —A_

Where for the QED creation operators a, al there is an implicit sum over modes.
Compared to Bienias 2016 [3] this has minuses on the diagonal elements corresponding bty
& cfe. This is because we assumed the atom fields were fermionic and thus used anticom-
mutation relations in 13.17. For the remainder of this report, I will assume bosonic fields
corresponding to pluses on the diagonal.

14 Rydberg Interaction and Interaction Eigenstates

With an eye on modelling the Rydberg polariton interaction, we recreate a Hamiltonian that
are more closely related to the eigenstates of the bare atom. These will be the interaction
eigenstates of the Rydberg interaction. To describe the Hamiltonian in terms of different
states, two unitary matrices(R~'R = 1) can be inserted on each side of the matrix A in
(13.23):

Ho=0!  RIRARIRU 4 seeq = VBV (14.1)

— T dressed

Where ¥ = RV csseq are the new states and B = RART is the new quartic Hamilton
matrix. Such a transformation can be done between (13.23) and the following equation
containing the matrix B:

at\ " ck g O a
Ho= | vl g & Qv (14.2)
Wl 0 Q 0/ \¢

Where the transformation matrix R is given by a rotation ”around the electric field opera-
tors”:

1 0 0 20)
R=10 cosf sinf |, tan(20) = — (14.3)
. )
0 —sinf cosf

Since the Q and g in (14.2) is the couplings between the bare atoms states |e) and |r),
the fields must be related to the original states. Thus it is plausible that the Rydberg
interaction could be modelled as an interaction between two ), fields. This would mean
that the full Hamiltonian including the Rydberg interaction could be written as:

H = Hy + Vo (z — )0} (2) 0] ()1 (@)1 () (14.4)

Page 24



15 Mass Eigenstates and the Propagator

Mass-eigenstates are the eigenstates of the quadratic part of the Hamiltonian and are the
physically observable states. To find these, Hy is diagonalized using a unitary transforma-
tion. As Hy is symmetric, we know it is diagonalizable. This time starting from (14.2), the
transformation is described by the matrices U and UT

int

Ho =l UTUBUT UGy = efitty (15.1)
8

So the mass eigenstates are given by ¢, = Ujta. Where p runs over —1,0,+1, where
141 is interpreted as two bright polaritons and v is interpreted as a dark polariton [2]. As
the matrix is 3x3, the analytic expression for the eigenvalues and diagonalising matrix are
too lengthy to be very onformative.The diagonalising matrix U is quite complex, and same
for the eigenvalues €,,. In Mathematica the eigenvalues and eigenvectors of B can be found
and thus also €, and P(Since this is just the normalized eigenvectors of B). The expressions
are very cumbersome, but the values of ¢, as a function of momentum is shown in 12 for
g=>59, 2=0.25, § =0.04, h = c=1. We note that these reproduce the results in [2].

Figure 12: Dispersion relations for ey (Green), eg(Orange) and e_; (blue)

As a further test, we expand the eigenvalue of the dark polariton in powers of momentum,
to show that we reproduce the expansion in [3].
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2
eo(k) = hogk — ;—mk + O(k)3 (15.2)
QQ (gQ +Q2)3

Yo = g2 + 02’ = 2c2g202A

h (15.3)

Knowing the dispersion relation of the polaritons, the propagator can be computed. In
general, the non-relativistic propagator G is defined as:

V(T t) =i / BrG(F T, 1), (F,t) (15.4)

Assuming G is invariant under space and time transformations, G must be a function of
(x — ') & (t — t'). A Fourier transform of G is performed:

3 i /" . /
Glaz—a' t—t') = / melk'@ ~2) =Gk, w) (15.5)

Since we are working non-relativistically, we want the propagator to be a Green’s function
of the free Shrodinger equation. For the mass-eigenstates this means:

3 Lo
(150, — Ho) G(a—a!, t—t') = / W[nw _ e ]eF @R gl G (1, ) (15.6)
T
Ls(x—a)o(t—t) (15.7)

The integral over the two exponentials in (15.6) are exactly these delta functions, so G(k,w)
must be

1

Glbyw) = —
(k, ) hw — €, + i1

(15.8)
Where a small imaginary number i7 is added to avoid divergences.This is the propagator
of a particle under the influence of a Shrodinger equation with no potential. The states
that get evolved by this, are the mass eigenstates ie the polaritons. w was the frequency
from the Fourier transform of time, so this will be the total energy w. Since the interaction
eigenstates are the Rydberg states, it would be nice to get the propagator for the Rydberg
field operator %,.. This will propagate as a linear combination of the three polaritons.
What this combination looks like, will be determined by the diagonalizing matrix U. Let
us investigate how the Rydberg field with momentum ¢ propagates:

1

) = R @

U(q);bs(2,t), No sum over p (15.9)

Where the propagator has been given in momentum space. The Fourier transform is left for
the Feynman diagrams where it becomes a delta function enforcing momentum conservation
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at vertices.
This is now in the polariton basis. To transform back, we apply the inverse transformation
matrix U:

_ 1
) — 17 S
0l0) = S0 U2 (15.10)
The propagator of 15 is now identified

QU (g);,

S q q 1
= E 15.11
Xa hw — €,(q) +in (15.11)

pne0,£1

16 Scattering Processes

16.1 Introducing Feynman Diagrams and Scattering amplitudes

In field theory, all processes are computed as scattering processes. A graphical way to
keep track of different interactions are the Feynman diagram. In this report, straight lines
denote propagators of the mass eigenstates v, u € —1,0,+1. Squiggly lines will denote
interactions between interaction eigenstates ..

Figure 13: Example of Feynman diagrams. Squiggly lines represent interactions and straight
lines represent propagators.

Figure 13 shows two examples of Feynman diagrams. The left is a first order interaction
with one order of V(z — 2’) and no propagators.The 4 tilted ”legs” represent the in- and
outgoing particles. In momentum space these have initial momentum P; & P, and final
momentum P| & Py. V(z—2') represents the interaction. When transformed to momentum
space Vi_p is dependent on the change in relative momentum between the two particles
k=P — P, k' =P - Pj.

The right is a loop diagram with two orders of V(z — z’) and two orders of propagators
G(k,w). It is called a loop diagram because it forms a loop. The propagators and V is
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not fixed by the initial and final momenta. There "runs” a free momentum in the loop,
such that all values of momenta are allowed for the different lines, as long as momentum is
always conserved at each vertex.

In field theory, the quantity to compute for a scattering process is the quantum amplitude.
For a scattering process | Py, Py) — | Py, Pj) is given by:

(Pl P3| U(t,to) | P1, P2) (16.1)

Where U(t, tp) is the time evolution operator given by Dyson’s formula [13]:

¢

Ul(t,ty) = Texp (—i dt’H(t’)) (16.2)
to

Where T means time ordered and H is the Hamiltonian of the system. When computing

this, the exponential is expanded in orders of H. This motivates the categorising of Feynman

diagrams into orders of interaction, since this corresponds to the terms in the expansion of
exp(H):

(P{,Py| Ut to) |P1, Py) = (P{,Py| (1+ H+ 1H*+ ...) | P, P%) (16.3)

The zeroth order term corresponds to nothing happening. It will only contribute if the
initial and final states are equal. Therefore it is often omitted from computations. The
non-trivial part of the expansion is called the T-matrix. The first term T() corresponds to
left diagram in 13 and the second term 7?) corresponds to the right diagram. Feynman
diagrams represent equations. Written out, the two diagrams in figure 13 read:

1 2 1 dg
T = Vi, T =10 + [ §26@w) Via+ P)Gla+ P+ Pow) Vig+ P (164)
Where the labelling of the momentum of inner lines is shown in figure 14. The initial bra

and ket have been omitted for shorter notation. The Feynman diagrams really represents
(P, PYI T | Py, Pa).

Figure 14: Labelling of inner momentum in loop diagram
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16.2 A Single Polariton in an External Potential

A simple case of polariton interaction is the lone polariton experiencing a potential from eg
a stationary Rydberg excitation. In this case the interaction Hamiltonian is instead:

Hepr = / d2pe (2) TV (2)0,(2) (16.5)
This gives rise to the following types of Feynman diagrams:
( F ‘ s
s ; ‘
] (]
Tal=| "1 LV : R
as x We-Yedl | [ | el
1 e e Q"
L( Lﬂ —((_—tb—*'*i\ir ‘-' e ((L‘Jx? | L L_ ‘ 1o
BNk T

Figure 15: Feynman diagrams for polariton in external potential.(With external legs)

In figure 15 the loose squiggly lines represent the interaction of the polariton with the
external potential. In momentum space the first three terms are:

T = V(K — k) (16.6)
d
T =V -1+ [ SV @V~ k- a) (16.7)

d
TS = V(K — k) + / SV (@)Xt V (K — k=)
dq dt
+/27TV(‘])Xk+q / %V(t)Xk-%q-l-tV(k/ —k—q) (16.8)

This comes in a nice recursive form, where each expansion order can be defined in terms of
the last:

Since this is an infinite sum, we can take the limit n — oo. In this limit the equation
becomes:

d
T = V(k — k) + / %V(q)xHqqu, (16.10)

Figure 16 shows this expression diagrammatically. This euqation can be solved for Tyx [3],
but this is beyond the scope of this project.
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Figure 16: Recursive definition of the T-matrix for external potential. (Without external
legs)

16.3 Two Body Interaction

The interaction introduced earlier between two polaritons gives rise to diagrams much like
the one described in section 16.2. The interaction term was

Hyp = Vor(z — y)¥r(21) T 9r(22) 800 (21)¢r (22) (16.11)

The diagrams up to second order is shown in figure 17 together with the diagram describ-
ing the recursive formula for the complete T-matrix. k and k' now describe the relative
momentum k = P, — Py, k' = P{ — Pj.

(a) First 2 terms

(b) Recursive definition

Figure 17: T-matrix for polariton-polariton interaction
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The equation corresponding to this recursive definition will be a Bethe-Salpeter equation:

d
Tt =V(/<r—k‘)+/zx(k’—q—P{,w)V(k’—q—P{+P1')x(k’—q—P{+P1+P2,w) Tow

2
(16.12)

Since V is just a number it can be moved to the left of the propagators. Bienias et al
2014 [2] then writes the propagation of the two polaritons as the pair propagator:

_ U @U@ )V
= ca(p) — s () + i

Xq(K,w) (16.13)

where p = K/2+q and p’ = K/2— g and K is the total momentum K = P, + P, = P{+ Pj.
Bienias further rewrites this to the form(see [2] for description of new parameter):

« ap

=X+ + 16.14
X X e K22 m+in | hiop — B2¢%/m + in (16.14)
The first term can be dealt with by including it in the interaction potential s.t.
V(r)
velf(py = ~ 16.15
") = TRV 1619

Where r = z; — z5 is the relative position. The second term reduces to a propagator of
an combined effective particle. The third term describes resonant scattering, where the
incoming polaritons exit as different types. Eg the conversion of two dark polaritons into
an upper and lower bright polariton [3]. In the case y/|wa%wpa?| < 1 the third term can

be ignored and the equation for T° becomes:

(%

_yeff
S ey

(16.16)

This describes a single particle in an effective potential V¢// with mass m(see (16.2)).

=pz 7 16.1
" 2c2g2AQ) (16.17)
The Shrodinger equation for this particle then captures dynamics of the system:
hZ
hanp(r) = | =—0r + Vet () ap(r) (16.18)
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17 Conclusion

A review of standard EIT in a A-setup was perfomed and important techniques in AMO-
physics were introduced. This includes the modelling of atoms and electric fields, the
rotating frame and rotating wave approximation, density operator, susceptibility of coupling
fields, the Master equation. Then a symbolic stationary solution of the EIT-setup was found,
and a numerical solution of the time evolution was computed.

In the second part of the project, some basic concepts in quantumn field theory was used in
the modelling of the electromagnetic fields by QED. A possible term for a dipole-interaction
between the atoms and electric field was presented. It was shown that this term reduces to
the standard dipole interaction of quantum mechanics in the non-relativistic limit. Then a
Hamiltonian of the ladder EIT setup was derived in terms of field operators and transformed
to the effective transition field operators. Rydberg polaritons was found to be the mass-
eigenstates of the ladder EIT setup. The interaction of Rydberg polaritons with an external
field was modelled by a quadratic interaction term. The corresponding Feynman diagrams
and the resulting equation for the T-matrix was presented. The interaction of two Rydberg
polaritons was modelled by a quartic interaction term and the resulting Feynman diagrams
and T-matrix were presented. The resulting system in an appropriate limit were a single
particle propagating through an effective potential.
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